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 5 
Abstract 6 
Safe and economical design and assessment of reinforced (RC) and prestressed concrete 7 
(PC) beams requires the availability of accurate but simple formulations which adequately 8 
capture the structural response. In this paper, a mechanical model for the prediction of the 9 
shear-flexural strength of PC and RC members with rectangular, I or T sections, with and 10 
without shear reinforcement, is presented. The model is based on the principles of concrete 11 
mechanics and on assumptions supported by the observed experimental behavior and by the 12 
results of refined numerical models. Compact, simple and accurate expressions are derived for 13 
design and verification of the shear strength, which incorporate the most relevant shear 14 
transfer actions. Excellent agreement between the predictions of the model and the results of 15 
the recently published ACI-DAfStb databases, including more than 1287 tests on RC and PC 16 
beams with and without stirrups, has been observed. The theory behind the model provides 17 
consistent explanations for many aspects related to the shear response that are not clearly 18 
explained by current code formulations, making it a very helpful tool for daily engineering 19 
practice. 20 
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INTRODUCTION 23 
The strength of structural concrete members subjected to bending and shear is affected 24 
by the existing multi-axial state of stress, the anisotropy induced by diagonal concrete 25 
cracking, the bond between concrete and reinforcement and the brittle failure, among other 26 
phenomena. Furthermore, prestressing considerably modifies the stresses and strains fields, 27 
the cracking load and the crack patterns, affecting not only the structural response under 28 
service loads, but also the mode of failure and the ultimate capacity in comparison to 29 
reinforced concrete members. 30 
In order to predict such a complex behavior, refined analytical and numerical models 31 
have been developed (Bairán and Marí 2006, 2007; Bentz 2000; Ferreira et al. 2013; Mohr et 32 
al. 2010; Navarro-Gregori et al. 2007; Petrangeli et al. 1999; Saritas and Filippou 2009; 33 
Vecchio and Collins 1986; Vecchio 2000). Particularly, it is possible to account among other 34 
aspects for crack-induced anisotropy, which brings in the migration of shear stresses through 35 
the cross-section as the cracks develop and the crack width grows. These models have 36 
contributed to better understand the evolution of the resisting mechanisms according the 37 
experimentally observed behavior. 38 
The applicability of the aforementioned models in daily engineering practice, however, 39 
is still limited because of their complexity, time consumption and dependency on the 40 
numerous input parameters required. On the opposite, most simple equations used in practice 41 
are semi-empirical, without a clear mechanical meaning, present large scatter and bias when 42 
compared with databases of experimental results and cannot be easily adapted to the technical 43 
advances (new materials, external strengthening, etc.). Furthermore, empirical approaches 44 
make the application of performance-based-design difficult. 45 
  
With the purpose of providing useful formulations for daily engineering practice, 46 
simplified models for the shear strength of RC and PC members, based on sound theories 47 
have been also developed. The most relevant among them, are those carried out by (Choi and 48 
Hong 2007; Collins et al. 2008; Muttoni and Fernández Ruiz 2008; Recupero et al. 2003; 49 
Reineck 1991; Tureyen and Frosch 2003; Wolf and Frosch 2007; Zararis and Papadakis, 50 
2001), some of which have been included in structural design codes, such as the CSA A23.3-51 
14 (2014) or the FIB Model Code (2013). On the contrary, other codes have incorporated 52 
empirical formulations, such as the ACI-318 Building Code (2011) and the Eurocode 2 (2002) 53 
for concrete structures, especially for beams without transverse reinforcement. Nevertheless, 54 
the shear strength of structural concrete members is still an open topic: as a matter of fact, no 55 
universally accepted simplified and accurate design formulation, which is capable to be 56 
adapted or extended to many different situations without the need for adjustments to existing 57 
or new experimental results, with similar levels of accuracy in all cases, is yet available.  58 
For prestressed concrete members the debate is even more open, despite the extensive 59 
research carried out during more than six decades, oriented to identify the governing 60 
parameters, their influence on the shear strength and the failure modes. Relevant works were 61 
the early tests performed Zwoyer and Siess (1954), by Evans and Schumacher (1963), by 62 
Olesen et al. (1967), and by Kar (1968), on pre-tensioned concrete beams. Variables included 63 
in their studies were the level of prestressing (P/A), the longitudinal and shear reinforcement 64 
ratios, the shape of the cross section, the shear span a and the type of curing. Among the 65 
different modes of failure identified, Muguruma et al. (1983), studied the web crushing of 66 
prestressed concrete beams, the main variables being the ratio of yield force in the prestressed 67 
steel to yield force in the non-prestressed steel and the area of vertical stirrups. With respect to 68 
the concrete strength, Elzanaty et al. (1986) studied the shear capacity of prestressed concrete 69 
beams using high strength concrete and Choulli et al. (2008) tested high strength self-70 
  
compacting concrete beams. In both cases, a reduction of the shear strength was found with 71 
respect to that of conventional concrete, so that a limitation in the concrete compressive 72 
strength of about 65 MPa was recommended when computing the shear strength. 73 
In order to assess existing post-tensioned concrete bridges, Rupf et al. (2013), tested 74 
post-tensioned I beams with drapped tendons and low amounts of shear reinforcement. They 75 
found that the shear strength and the failure mode of prestressed concrete girders are 76 
significantly influenced by the amount of shear reinforcement, the level of post-tensioning 77 
force, and the presence of flanges. De Silva et al. (2006), studied experimentally the influence 78 
of longitudinal and transverse reinforcement ratios, prestressing level and concrete strength on 79 
the crack width and spacing in partially prestressed concrete members. 80 
Related to shear design models, Wolf and Frosch (2007) made relevant contributions 81 
proposing a simplified model based on the shear transfer capacity of the un-cracked concrete 82 
region, and including the contribution of the flanges in I beams. Park et al. (2013) extended 83 
their strain-based strength model to prestressed concrete structures by performing a layered 84 
analysis of the compressed zone. Zhang et al. (2014a, 2014b) developed a shear strength 85 
numerical model based on plasticity concepts, bond slip, crack widening and shear-flexure 86 
interaction. One of their conclusions was, as also reported by Marí et al. (2015), that the 87 
stirrups enhance the shear transfer capacity of the un-cracked concrete chord. 88 
Furthermore, some aspects related to the shear behavior and shear strength are not 89 
clearly explained by the existing simplified formulations. Some examples are: the influence of 90 
the load level, of the amount of transverse reinforcement or of the presence of axial forces, on 91 
the concrete contribution, Vc; the contribution of the flanges in beams with T or I cross-92 
section to the shear strength; the influence of the eccentricity of the post-tensioning tendons 93 
on the shear strength; and the reason why the shear strength is influenced by the longitudinal 94 
reinforcement and the position of the critical shear crack. 95 
  
In order to answer these and other similar questions in daily engineering practice, simple 96 
but accurate models supported by a theory capable to capture the physics of the shear 97 
response are needed. 98 
Recently, a mechanical model for the prediction of the shear strength of reinforced 99 
concrete beams with rectangular, I or T shaped sections, with or without transverse 100 
reinforcement, has been developed by Cladera et al. (2015) and Marí et al. (2015). The 101 
predictions of the model were compared with a large database of tests results on RC beams, 102 
already published by Reineck et al. (2013, 2014), showing small bias and dispersion. This 103 
model has also been extended to FRP reinforced concrete beams (Marí et al. 2014; Oller et al. 104 
2015). 105 
In this paper, the above mentioned shear model is generalized to the case of prestressed 106 
concrete members. For this purpose, the structural effects of prestressing on the shear 107 
response and on the different modes of failure are identified and accounted for in the 108 
derivation of the equations governing the model. The model predictions are compared with 109 
those of a large database of prestressed concrete beams with and without stirrups obtaining, in 110 
general, very good results. In addition, the influence of some relevant parameters on the shear 111 
response is studied and compared with the experimentally observed tendencies. A design 112 
example, based on a beam tested by Oh and Kim (2004), is fully developed to show the 113 
practical applicability of the model. Finally, conclusions are drawn about the capability of the 114 
model to provide rational explanations for the observed behavior. 115 
MECHANISM OF SHEAR RESISTANCE  116 
 According to ASCE-ACI Committee 445 (1998), the shear strength in a slender RC 117 
beam is provided by: a) the shear resisted by the uncracked concrete chord; b) the friction and 118 
residual tensile forces developed along the crack; c) the shear strength provided by the 119 
transverse reinforcement; and d) the dowel action developed by the longitudinal 120 
  
reinforcement. Under incremental loading, inclined flexural cracks develop along the web, 121 
forming the first branch of the critical crack (see Figs. 1 and 2). During a relatively large 122 
portion of the load history, a significant fraction of the shear force is transferred through the 123 
inclined cracks by means of aggregate interlock and residual tensile stresses, both produced 124 
by the bridging of stresses through the aggregates and the uncracked concrete at the meso-125 
scale. However, while loading increases, the critical crack width increases, reducing the shear 126 
transferred along the crack. Then, a redistribution of shear stresses to the advantage of other 127 
resisting actions takes place, as is needed to satisfy the internal equilibrium conditions. In 128 
general, the shear stresses in the compression chord, which has remained uncracked during 129 
most part of the loading, tend to increase. Therefore, the compression chord will be subjected 130 
to a multi-axial stress state consisting in, at least, axial compression and shear. 131 
Eventually, a new branch of the critical crack develops above the neutral axis trough the 132 
compression chord, at the point where the concrete strength under multiaxial stresses is first 133 
reached. At the same time, there is an increment of force in the longitudinal reinforcement due 134 
to inclined cracks in the web. Near the supports, this fact, joinly with the dowel action, may 135 
produce longitudinal bond cracks in the concrete in contact with the tensile flexural 136 
reinforcement. If premature bond failure does not take place, failure of the element will be 137 
controlled by the shear capacity of the compression chord as it is the last element that 138 
typically initiates softening, reducing its capacity as the crack propagates. Resistance of the 139 
compression chord is assumed in this work to be governed by Kupfer’s biaxial failure 140 
envelope (Kupfer and Gerstle 1973) (Fig. 3), mainly in the compression-tension branch, when 141 
vertical compression stresses are negligible or small in comparison to longitudinal ones. This 142 
failure criterion is in accordance with that proposed by Zwoyer and Siess more than 60 years 143 
ago, when the concept that shear failures could be considered as a type of premature 144 
compression failure (Zwoyer and Siess 1954) was developed, and with the work of Kar in 145 
  
prestressed concrete beams related to the internal stress redistribution and the strain 146 
concentration in the concrete chord (Kar 1968). 147 
Prestressing introduces a set of self-balanced forces on concrete structures which modify 148 
the stresses, internal forces, strains, deflections and failure modes. The most important effects 149 
of prestressing on the shear response, which will be accounted for in the proposed model, are 150 
briefly recalled next. 151 
In partially prestressed members, in which flexural cracks may develop at service under 152 
certain load combinations, a shear-flexure failure mechanism may take place, as it occurs in 153 
many reinforced concrete members. In such cases the cracks inclination, the neutral axis 154 
depth, the stress levels and, consequently, the shear transferred by the uncracked concrete 155 
chord and by the stirrups, are affected by the level of the prestressing force. Fig. 4 shows a 156 
prestressed specimen tested at TU Dortmund in the course of a research project funded by the 157 
German Federal Highway Research Institute (BASt) (Maurer et al. 2014). Initial flexural 158 
cracks appeared at P=700 kN, first shear-flexural cracks were observed at P=1200 KN and 159 
failure took place at P=1890 kN. It can be observed how the angle of inclination of the cracks 160 
near the centroid of the beam section is very small (about 22º), because the effect of the 161 
compressive stresses introduced by the prestressing force. 162 
In totally prestressed members, mostly without shear reinforcement, inclined cracks may 163 
develop and propagate along the web, without the formation of flexural cracks, thus 164 
preventing the formation of a compression chord and the development of a flexure-shear 165 
resisting mechanism. In addition, in members with thin webs the compression stresses due to 166 
prestressing may increase the risk of concrete crushing. These two failure modes will be dealt 167 
with later in the paper. Finally, in the case of inclined tendons, the vertical component of the 168 
prestressing force, Vp = P·sin? reduces the external shear force. 169 
  
DESCRIPTION OF THE MODEL 170 
Basic assumptions 171 
In the present model, it is considered that the total shear resistance, Eq. (1), is the sum of 172 
the shear resisted by concrete and by the transverse reinforcement (Vs). The concrete 173 
contribution is explicitly separated into the following components, whose importance is 174 
considered to be variable as damage propagates: shear resisted in the uncracked compression 175 
chord (Vc), shear transferred across web cracks (Vw) and the contribution of the longitudinal 176 
reinforcement (Vl). Note that here Vc represents the shear in the compression chord of the 177 
beam, not the total concrete contribution to shear. 178 
 ? ?c w l s ct c w l sV V V V V f b d v v v v? ? ? ? ? ? ? ? ? ? ?                            (1) 179 
Lower case variables vc, vw, vl and vs are the dimensionless values of the shear transfer 180 
actions and fct is the concrete tensile strength defined as given by Eq. (2), and not greater than 181 
4.60 MPa, as for high-strength concrete the shear strength does not increase significantly due 182 
to the fracture of the aggregates (Cladera and Marí 2004, 2005).  183 
230.30 ' 4.60ct cf f MPa? ? ?                                (2) 184 
As the crack opens, the aggregate interlock and residual tension decrease, and an 185 
increase in the shear transferred by the compression concrete chord takes place. Hence, it will 186 
be assumed that at the limit state, previous to incipient failure, the shear stress distribution in 187 
the critical section is similar to the one represented in Fig. 5, where the approximated 188 
distribution of each contributing action is also indicated, c is the neutral axis depth and d the 189 
effective depth of the cross-section. Note that in Fig. 5, the stage just prior to the formation of 190 
the crack in the compression chord is considered. This stress profile is a qualitative 191 
distribution of the stresses in a section close to that of the tip of the first branch of the critical 192 
crack, and is not affected by the local state of stress around the crack tip. 193 
  
In developing the design formulation, some additional simplifications are also 194 
considered and described in the following. 195 
Neutral axis depth 196 
Neutral axis depth (c) and height of uncracked zone are treated as equivalent, for design 197 
purposes. Furthermore, in the case of shear failure prior to flexural yielding, longitudinal 198 
reinforcement is assumed to remain in the elastic range. The distribution of normal 199 
compressive stresses in the uncracked zone will be then considered linear; hence, the position 200 
of the neutral axis can be computed as that of a cracked section in the elastic range. A 201 
methodology to compute the neutral axis depth in prestressed concrete members is explained 202 
next. Fig. 6 shows a typical cross section of a prestressed concrete beam subjected to a 203 
bending moment M and a prestressing force P with an eccentricity e. To take into account the 204 
contribution of the different types of reinforcement that may exist in the cross section (only 205 
mild reinforcement, As, only active reinforcement, Ap, or both), the effective depth will be 206 
defined as:  207 
s s p p
s p
A d A d
d
A A
?? ?                          (3) 208 
where ds and dp are the distances between the maximum compressed concrete fiber and the 209 
centroid of the mild steel tensile reinforcement and the prestressing reinforcement placed in 210 
the tensile zone of the cross-section, respectively. 211 
In order to accurately calculate the neutral axis depth in a cracked prestressed concrete 212 
section, the equilibrium equations between the internal forces (axial forces and bending 213 
moments) and the stresses in the concrete and in the mild and prestressing reinforcements 214 
must be solved, considering also the strain compatibility provided by the plane section 215 
assumption. Due to the presence of the axial load, both equilibrium equations are coupled and, 216 
as a consequence, the neutral axis depth depends on the mild and prestressing reinforcement 217 
  
amounts, on the bending moment, on the prestressing force and on its eccentricity. Therefore, 218 
its computation is not straightforward, requiring an iterative procedure to solve the non-linear 219 
set of equations (Saqan and Rasheed 2011). 220 
For practical purposes, it is proposed to obtain c by means of a linear interpolation 221 
between the neutral axis depth c0 obtained for the same reinforcement amounts, considering 222 
P=0, and the total depth c=h, corresponding to the decompression prestressing force, i.e. the 223 
force applied at the considered eccentricity, which, in combination with an external moment 224 
M, produces zero stress at the most tensioned fiber (see Fig. 6). The interpolation equation for 225 
the relative neutral axis depth, c/d becomes: 226 
0 0( ) tc c Pkc h d
d d d d h M Pe
? ?? ? ? ? ? ?? ?                                                       (4) 227 
where kt= Ic/(Ac·vbot) is the upper limit of the central kern, Ic and Ac are the second moment of 228 
inertia and the area of the cross section, respectively, and vbot is the distance between the 229 
centroid and the most tensioned fiber of the section. 230 
The neutral axis depth for P=0 (reinforced concrete) can be obtained by means of the 231 
following approximate expression: 232 
0 21 1l
l
c n
d n
? ?
? ?? ? ? ?? ?? ?? ?
                                        (5) 233 
where ?l is the equivalent longitudinal tensile reinforcement ratio and n is the modular ratio. 234 
For members with mild steel reinforcement and tendons, n?l can be determined as follows: 235 
; ;
· ·
p ps s
s p s pl s p s p
c c
E AE An  n n n n
E b d E b d
? ? ? ? ?? ? ? ?                   (6) 236 
where b is the width of the cross-section, which is equal to the flexural effective compression 237 
flange width, for T or I-shaped sections; Ec is the secant modulus of elasticity of concrete 238 
according to Eurocode 2 (see Eq. (7)), and not greater than 39000 MPa for ULS shear 239 
calculations. 240 
  
0.3
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              (7) 241 
As will be seen later, it is conservatively assumed in this model that the critical shear 242 
crack develops from the last flexural crack, considering that the bending moment at ULS at 243 
the initiation of the crack equals to the cracking moment. Therefore, when M is the cracking 244 
moment in Eq. (4), it can be expressed as Eq. (8) 245 
0 0( ) cp
cp ct
c cc h d
d d d d h f
?
?
? ?? ? ? ? ? ?? ?
           (8) 246 
where ?cp=P/Ac is the concrete compression stress at the centroid of the section produced 247 
by the prestressing force. Eq. (8) has been compared with the theoretical solution by solving 248 
the non-linear system of coupled equations, for a large number of cases covering different 249 
levels of prestressing (?cp/fct), eccentricities (e/c) and non-prestressed neutral axis depth c0, 250 
obtaining good correlation for usual cases. Therefore, the straightforward Eq. (8) will be 251 
adopted in this study to obtain c/d for prestressed elements. 252 
Critical crack inclination 253 
Based on experimental and numerical observations of RC beams, the mean crack 254 
inclination is approximated by a function of the relative neutral axis depth (c/ds), by Eq. (9). 255 
? ?
0.850.85cot 2.5
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d
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                 (9) 256 
For the case of I or T shaped sections, there is a change of crack inclination in case that 257 
the crack reaches the flanges, see Fig. 7. After parametric studies, however, it has been 258 
observed that the influence of this fact on the shear strength is small so, for the sake of 259 
simplicity, it will not be taken into account in the formulation, thus obtaining a slightly 260 
conservative solution (Cladera et al. 2015). 261 
  
The longitudinal normal stresses introduced by prestressing modify the angle of the 262 
principal stresses and, therefore, the angle of inclination of cracks. Since in prestressed 263 
concrete members the neutral axis depth increases, the change produced in the angle ? is 264 
automatically incorporated in the model by keeping the horizontal projection of the crack 265 
between its initiation and the neutral axis depth to 0.85·ds. The cot? of the critical shear crack 266 
angle for prestressed concrete members, given by Eq. (9) will be, therefore, higher than in 267 
reinforced concrete members without axial load. In prestressed members without longitudinal 268 
mild reinforcement (As=0), cot? can be computed adopting ds= dp in Eq (9). 269 
Position of the critical crack 270 
In the present model, the weakest section in front of a combined shear-bending failure is 271 
considered to be placed at the tip of the first branch of the critical crack for beams with 272 
constant geometry and reinforcement (Fig. 8). Any other section closer to the zero bending 273 
moment point has a larger depth of the compression chord, produced by the inclination of the 274 
crack, and will resist a larger shear force. Any other section placed farther from the support 275 
will have the same depth of the compression chord, but will be subjected to higher normal 276 
stresses and, therefore, will have a larger shear transfer capacity. 277 
When the load is increasingly applied, flexural cracks successively appear as the 278 
bending moment increases. The crack spacing depends basically on tensile concrete and bond 279 
properties (Fig. 9). It is assumed that the critical crack is the closest crack to the zero bending 280 
moment point and that it starts where the bending moment diagram at failure reaches the 281 
cracking moment of the section. As a result, scr = Mcr/Vu, which is a conservative assumption. 282 
In prestressed concrete, the increment of cracking moment modifies the position where 283 
the critical crack initiates and the position of the critical section, which are displaced farther 284 
from the zero bending moment point than in RC structures (Fig. 9). Thus, the bending 285 
  
moment at the critical section increases and, consequently, also the shear resisted by the 286 
compressed concrete chord. 287 
Vertical concrete stresses produced by transverse reinforcement 288 
When stirrups are anchored in the compression zone, they contribute to the strength of 289 
the compression chord by producing a confining vertical compression (?y) at a depth larger 290 
than the concrete cover (d’), see Fig. 10, of value given by Eq. (10): 291 
0.85
sw yw s ct
y w yw
A f v ff
b
? ?? ? ?                                                                                         (10) 292 
where vs is the dimensionless contribution of the transverse reinforcement to the shear 293 
strength, given by Eq. (11). 294 
Contribution of transverse reinforcement (Vs) 295 
The contribution of shear reinforcement, Eq. (11) is taken as the sum of the forces in the 296 
stirrups that intersect the inclined crack up to a height of (ds-c), as shown in Fig. 5, and 297 
assuming that the transverse reinforcement is yielded along the entire crack height. 298 
0.85 s sw yws
s
ct ct
d A fVv
f b d f b d
?? ?? ? ? ?                                                (11) 299 
Contribution of cracked concrete web (Vw) 300 
The shear resistance of cracked concrete in the web is considered as the residual tensile 301 
stress of cracked concrete. The mean tensile stress of the stress-strain curve is considered 302 
distributed along the depth cw of the cracked zone of the cross-section where the tensile ?-? 303 
curve reaches zero tension, see Fig. 11. A linear softening branch of the ?-? curve has been 304 
assumed, which is consistently dependent on the fracture energy in mode I (Gf). 305 
By enforcing the compliance between the crack opening at the level of the longitudinal 306 
reinforcement and at the point of the crack where the residual tensile stress is zero, and 307 
relating the crack opening to the reinforcement longitudinal strain ?s and the crack spacing, 308 
the shear transferred along the closest part of the crack can be expressed as a function of ?s. At 309 
  
ULS a strain in the reinforcement close to 0.0009 has been assumed, resulting the same 310 
expression for reinforced concrete and prestressed concrete members to simplify the 311 
calculation procedure, see Eq. (12). The complete derivation of this equation can be found in 312 
Marí et al. (2015). 313 
2
0
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         (12) 314 
where bw and b are the web and the flange widths, respectively; fct is the concrete tensile 315 
strength evaluated as the mean tensile strength according to Eurocode 2 (2002), but limiting 316 
the concrete compression strength to 60 MPa in order to account for the possible fracture of 317 
the aggregate in high-strength concrete; Gf is the fracture energy of concrete, which depends 318 
on the concrete strength and the aggregate size, computed as shown in Eq. (13) (Marí et al. 319 
2015); and d0 is the effective depth, d, but not lesser than 100 mm. 320 
0.18 0.32
max0.028· ·f cmG f d?                     (13) 321 
where fcm is the mean concrete compressive strength and dmax is the maximum aggregate size. 322 
In the case of T- or I-shaped sections, it is accepted that the shear transferred along the 323 
crack takes place mainly in the web, so the web width bw has been used in Eq. (12) when 324 
computing vw. 325 
Contribution of the longitudinal reinforcement (Dowel action, Vl) 326 
Contribution of longitudinal reinforcement, or dowel action, is considered by the model 327 
only when there are stirrups, as they provide a constraint to the vertical movement of the 328 
longitudinal bars, enabling them to transfer shear. In the case of prestressed concrete 329 
members, only mild reinforcement or prestressing bars supported by the stirrups are 330 
considered to produce dowel action. In order to evaluate such contribution, it is considered 331 
that the longitudinal bars are doubly fixed at the two stirrups adjacent to the crack, and 332 
subjected to bending due to a relative imposed displacement between the two extremities. 333 
  
This relative vertical displacement is caused by the opening of the critical crack and by the 334 
shear deformation of the compression chord. This contribution clearly depends on the tensile 335 
steel ratio, that is implicitly represented by means of c/d. A simplified expression is presented 336 
in Eq. (14). A more detailed derivation of the equation is carried out in Marí et al. (2015). 337 
0 0.23
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                                                     (14) 338 
Contribution of the compression chord (Vc) 339 
As previously mentioned, the shear transferred by the compression chord starts softening 340 
when the most stressed fiber reaches Kupfer’s failure envelope. The stresses at any point of 341 
the uncracked zone are obtained assuming a linear distribution of longitudinal flexural 342 
stresses and a constant transversal confining stresses provided by the existing stirrups. The 343 
position of the failure point depends on the ratio between bending moment and shear force 344 
(M/Vd) at the considered critical section. A study performed by Marí et al. (2015) shows that 345 
for values of M/Vd less than 3 (which is usually the position of the critical shear section), the 346 
point where failure initiates is placed at a distance from the neutral axis around ?=0.425c, 347 
being c the depth of the compressed zone. 348 
By means of a Mohr’s circle analysis, the shear stress ?? at the point where failure 349 
initiates, can be related to the principal and normal stresses by Eq. (15) 350 
1 2
1 1
·
1 x y x y?
? ? ? ?? ? ? ?
?? ? ?           (15) 351 
Once the value of the shear stress at three points is known, ?(0)=0, ?(c)=0 and ?(?)=??, 352 
the equation for the assumed parabolic shear stress distribution (Fig. 5) is obtained and, by 353 
integration, the shear force transferred by the compression chord is derived, Eq. (16): 354 
,
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·
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v eff x y x yc
c c t
ct
bV cV y b dy v K R
f b d d b?
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where ?x is the normal stress in the most stressed fiber, located at a distance ?·c from the 356 
neutral axis; K? is a parameter relating the mean shear stress in the compression chord with 357 
the shear stress in the most stressed fiber, and bv,eff is an effective width, to take into account 358 
that for T or I sections the shear stresses along the depth of the compression chord are 359 
concentrated in the portion of the flanges near the web: 360 
, 2f v eff v w fc h b b b h b? ? ? ? ?                  (17a) 361 
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? ? ? ? ? ? ?? ? ? ? ? ?? ? ? ?? ? ? ?                     (17b) 362 
where b and bw are the width of the flange and the web respectively; hf is the flange depth, as 363 
defined in Fig. 6. The neutral axis depth c must be calculated accounting for the geometry of 364 
the T or I section, as is proposed in Cladera et al (2015). For rectangular sections, b=bw and 365 
bv,eff/b=1. 366 
In order to obtain the concrete contribution to the shear strength in PC members, the 367 
prestressing force, with its inclination and eccentricity, must be included in the equilibrium of 368 
forces and moments. Fig 12 shows the internal forces acting on a portion of beam placed over 369 
the critical shear crack. 370 
?P in Fig. 12 is the increment of force in the active reinforcement due to the crack 371 
opening, which will be neglected in this work assuming in a simplified manner the same shear 372 
strength for members with bonded and unbonded tendons. Then, the equilibrium equations 373 
are:  374 
tan coswC T V P? ?? ? ?                (18) 375 
sinc w l sV V V V V P ?? ? ? ? ?             (19) 376 
? ?0.85 0.425 coss Ed c s w w s s s s pC z M V d V d V d P d d? ?? ? ? ? ? ? ? ?       (20) 377 
  
where equilibrium of moments is taken with respect to the point where the crack is crossed by 378 
the longitudinal reinforcement. 379 
The compressive normal stress at the failure point of the concrete chord (at a distance ?c 380 
from the neutral axis) is given by: 381 
? ?? ?2 cos 0.85 0.4252
( )
3
Ed s p c s w w s s s
x
s
M P d d V d V z d V dC
cbc bc d
? ??? ? ? ? ? ? ?? ?
?
              (21) 382 
The confining stresses (?y) are given by Eq. (10) as a function of the contribution of the 383 
transverse reinforcement, vs, (Eq. 11) as ?cy = fct vs /0.85. 384 
By setting the equilibrium equations between the internal forces and the stress resultants, 385 
shown in Fig. 12, Eq. (16) can be rewritten as 386 
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 (22) 387 
where ? is the non-dimensional moment at shear failure at the crack initiation given by Eq. 388 
(23) (Fig. 9); ?P is the non-dimensional moment with respect to the mild reinforcement, due 389 
to prestressing given by Eq. (24); zw is the lever arm of vw with respect to point A (Fig. 12) (a 390 
conservative value of zw=0.425d can be adopted without much error, since both vw and the 391 
extension of residual stresses along the crack, at failure, are usually small); ? is the parameter 392 
accounting for size effect in the compression chord, which can be assimilated to that of a 393 
splitting test, as proposed by Zararis and Papadakis (2001), and can be computed by Eq. (25). 394 
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It is observed that vc depends on vs and that Eq. (22) is a recurrent equation, since Rt 398 
(strength reduction factor due to the biaxial stress state) is not known a priori; hence, in 399 
general, an iterative procedure is required to find vc. After solving Eq. (22), however, it was 400 
found that vc is almost a linear function of c/d, so for practical purposes, Eq. (26) is proposed 401 
as a linearization of Eq. (22). 402 
,0.88 0.20 0.50 0.02 0.94 0.3( )v effc s p
w
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    (26) 403 
Term 0.94+0.3(?+?p) of Eq. (26) accounts for the influence of the bending moment on 404 
the concrete contribution, Vc. Adopting, as a conservative assumption, that the bending 405 
moment at shear failure is equal to the cracking moment, given by Eq. (27) 406 
? ?21 c ctcr t
ct t
I f P e k
f bd y
? ? ? ?? ? ? ?? ?? ?
       (27) 407 
taking into account that dp=vtop+e (see Fig. 12) and after some mathematical arrangements, 408 
Eq. (26) becomes: 409 
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 (28) 410 
The right bracket in Eq. (28) will be called Kp, a factor which takes into account the 411 
higher cracking moment in a prestressed concrete section, with respect to a reinforced 412 
concrete section. In case of reinforced concrete, P=0, the non-dimensional cracking moment 413 
(Eq. 27) becomes ?cr=0.2 and term 0.94+0.3(?+?p) becomes equal to 1. 414 
Shear failure in regions without flexural cracks 415 
In case of highly prestressed simply supported concrete beams, such as some T or I 416 
beams, with minimum or no shear reinforcement, no flexural cracks take place near the 417 
supports even at high loading levels. In these regions, the beam web (usually thin) is 418 
subjected to high shear stresses produced by the applied shear force, combined with normal 419 
  
compressive stresses produced by prestressing, generating a biaxial compression-tension state 420 
of stress. When, at the most stressed point of the web, see Fig. 13, the principal stresses reach 421 
the biaxial failure envelope, (see Fig. 3), a diagonal crack develops through the entire beam 422 
height (Fig. 14). It has been experimentally observed that the cracking load turns out to be 423 
almost equal to the ultimate load (Evans and Schumacher 1963; Elzanaty et al. 1986); because 424 
of the eccentricity of prestressing, the top compression stresses are not capable to control the 425 
diagonal crack propagation (see Fig. 14). 426 
According to Mohr’s circle of stresses, the shear producing the principal stress ?1 at the 427 
beam centroid is: 428 
1
1
1 1cp cpc w c wu l t ct l
c c t ct
I b I bV R f
S S R f
? ?? ? ??? ? ? ?             (29) 429 
where Ic is the second moment of area, Sc is the first moment of the area above and about the 430 
centroid, ?l is the factor which takes into account the portion of prestressing force transferred 431 
to concrete at the considered section, which is ≤ 1.0 for pretensioned tendons, and is equal to 432 
1.0 for other types of prestressing, ?cp is the concrete compressive stress at the centroid axis 433 
due to prestressing and Rt is a tensile strength reduction factor due to the biaxial stress state, 434 
given by 435 
2
1 1 0.8 ct t ct
cc
f R f
f
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            (30) 436 
Usually Rt ranges from 0.77 to 0.95, so a value of Rt = 0.8 outside the square root and 437 
Rt= 1 inside the square root will be conservatively adopted.  438 
In the case of beams with shear reinforcement, once the web cracks, stirrups start 439 
working and a shear force higher than the cracking shear can be resisted, as observed by 440 
Elzanaty et al. (1986). As a consequence, higher bending moments take place near the 441 
supports which, in most cases, produce flexural cracks. Therefore, in beams with transverse 442 
  
reinforcement, the shear strength will be calculated accepting flexural cracks, by means of the 443 
model previously described in the previous sections which will provide a lower bound value. 444 
Concrete compression crushing in regions with shear cracks 445 
The beam failure may be governed by the concrete struts in beams with shear 446 
reinforcement and relatively thin webs. In this case, the concrete diagonals would crush prior 447 
to the yielding of the transverse reinforcement, resulting in a brittle failure (Aparicio et al. 448 
1998; Rangan 1991). To check the maximum capacity of the struts, Eq. (31), this proposal 449 
adopts the same formulation of the current Eurocode 2 (2002), with the angle of the 450 
compression strut given by Eq. (9): 451 
'
,max 1 2
cot
1 cotRd cw w s c
V b d v f ?? ?? ?   (31) 452 
where ?1 is a strength reduction factor for concrete cracked in shear, taking into account the 453 
transversal tensile stresses. The values given by Eq. (32) are adopted: 454 
'
1 0.6 60cv for f MPa? ?            (32a) 455 
' '
1 0.9 / 200 60c cv f for f MPa? ? ?          (32b) 456 
and ?cw is a coefficient taking account the state of stress in the struts, Eq. (33) 457 
1cw? ?    for non prestressed structures?      (33a) 458 
'1 /cw cp cf? ?? ?   '0 0.25cp cfor f?? ?        (33b) 459 
1.25cw? ?    ' '0.25 0.50c cp cfor f f?? ?       (33c) 460 
? ?'2.5 1 /cw cp cf? ?? ?  ' '0.5 c cp cfor f f?? ?        (33d) 461 
Summary of the steps following the proposed general model 462 
The described model provides the contribution of each shear transfer action to the global 463 
shear strength. In summary, to obtain the shear strength or to calculate the stirrups needed, it 464 
is necessary to use Eq. (1) for the total shear strength, and Eqs. (11), (12), (14) and (28) for 465 
  
the different non-dimensional contributions. Moreover, to calculate the neutral axis depth, Eq. 466 
(5) shall be used for RC structures. For prestressed elements, Eq. (8) is needed to obtain c/d 467 
taking into account the stress due to prestressing. Finally, the effective width of the concrete 468 
chord, in case of beams with I or T cross-sections, is computed by Eq. (17). Additionally, the 469 
maximum shear strength given by the struts should be checked, according to Eqs. (31)-(33). 470 
SIMPLIFIED EQUATIONS IN A CODE-TYPE FORMAT 471 
For design purposes, some simplifications are still necessary in order to make the model 472 
easier to use in daily engineering practice. Taking into account that when shear-flexure failure 473 
takes place, both the aggregate interlock and the dowel action are small compared to the shear 474 
resisted by the uncracked zone, vw and vl have been incorporated into vc. For this purpose, the 475 
following average values have been adopted: vw=0.035, vl=0.025, vs=0.25 and c/d=0.35. Then, 476 
term (vw+0.02)/0.35=0.157 has been added to 0.88 and the dowel action term vl/(0.35·0.25), 477 
which only exists when Ast>0, has been added to the factor multiplying vs in Eq. (28), 478 
resulting in the following compact equation: 479 
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               (34) 480 
where the design tensile strength of concrete, fctd, is expressed in terms of the concrete 481 
compressive strength, f’c, reduced by the corresponding partial safety coefficient, and Kp is the 482 
factor which takes into account the effects of prestressing, whose value is: 483 
21 0.24
t
p
ct
P yK
f bd
?? ?              (35) 484 
where yt is the distance from the centroid of the section to the most stressed fiber in tension. 485 
In Eq. (35) a coefficient 0.24 has been used in spite of the original value of 0.30 (right 486 
parenthesis in Eq. 26), to take into account that the neutral axis depth in prestressed concrete 487 
sections (see Eqs. 5 to 8) is higher than the one assumed (c/d=0.35) to merge the different 488 
components into a single concrete contribution Vcu. 489 
  
As previously discussed (see Fig. 9), in the case of prestressed elements, the flexural 490 
cracking is displaced farther away form the support axis with respect to a similar element with 491 
P = 0. Consequently, the control cross-section also moves accordingly. To take this fact into 492 
account, in design, shear strength shall be checked at least at a distance scr = ds(1+0.4?cp/fct) 493 
from the support axis, where σcp =P/Ac is the mean concrete normal stress due to prestressing. 494 
Then, the shear strength verification can be carried out as follows: 495 
0 sin  alternatively sinEd Ed u cu su Ed u cu suV V P V V V or V V V V P? ?? ? ? ? ? ? ? ? ?            (36) 496 
where VEd,0 is the design shear force acting at the control section, Vcu is given by Eq. (29) and 497 
Vsu is: 498 
? ?cot · swsu s ywd
t
AV d c f
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?? ?                                                                                          (37) 499 
where ? is the mean crack inclination given by Eq. (9). 500 
Shear reinforcement is necessary when the shear design force exceeds the shear resisted 501 
by the concrete, without transverse reinforcement, Vcu0.  502 
'2/3
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???             (38) 503 
In that case, the required strength contribution provided by the shear reinforcement is 504 
given by Eq. (39), and the area of shear reinforcement will be obtained using Eq. (37). 505 
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It is observed that due to the confinement of the uncracked concrete zone produced by 507 
the stirrups, the amount of transverse reinforcement is reduced, as the denominator in Eq. (39) 508 
is always larger than 1. 509 
  
VERIFICATION OF THE MODEL WITH SHEAR TESTS RESULTS 510 
The four complete databases developed by ACI-DafStb for reinforced and prestressed 511 
concrete beams (Reineck et al. 2013, 2014; ACI-DAfStb 617, 2015) have been used to verify 512 
the proposed model and to compare its predictions with those of three current international 513 
codes ACI318.11 (2011), CSA A23.3-14 (2014) and Eurocode 2 (2002). The results are 514 
shown in Table 1 and in Fig. 15. All beams included in the four databases have been used for 515 
this evaluation. The ranges of the variables for the different tests included in the databases are 516 
presented in Table 2. All explicit partial safety factors have been removed from the original 517 
formulations. Moreover, the mean value of the materials strength has been used for all 518 
calculations. Therefore, the predictions compared are not exactly the real predictions of the 519 
different models as fck or f′c values should be used depending on the formulation employed. 520 
As can be seen in Table 1 and Fig. 15, the proposed model, both in its general or 521 
simplified formulations, correlates better with the results of the four databases than any of the 522 
three considered code formulations. Summing up, for the 1285 tested beams, the average of 523 
the Vtest/Vpred ratio, parameter directly related to accuracy, is 1.04 for the general equations 524 
and 1.14 for the simplified equations. For the ACI318-11 provisions the ratio equals 1.44, 525 
1.26 for EC2 and 1.33 for CSA A23.3-14. The coefficient of variation, a measure of precision, 526 
is clearly lower for the proposed models than for the current codes of practice. The two most 527 
precise models for the four databases are the general model (CoV = 18.4%) and the simplified 528 
model (CoV = 19.3%). For ACI318-04 and EC-2 predictions, the CoV is very close to 35%, 529 
almost doubling the CoV of the general model. For CSA A23.3-14 the CoV equals 26.9%. As 530 
observed in Table 1, with respect to the current codes of practice, the CSA A23.3-14 is the 531 
one that provides least scatter for the four groups of beams. 532 
The predictions obtained by means of the proposed formulation and the three codes 533 
considered are compared in Fig. 16 with some selected series of tests extracted from the ACI-534 
  
DafStb databases for prestressed elements (De Silva et al. 2006; Elzanaty et al. 1986; 535 
Muguruma et al. 1983; Olesen et al. 1967). In Fig. 16 the influence of the following 536 
parameters is  shown: the compression stresses due to prestressing for beams without stirrups 537 
(Fig. 16a); the concrete compression strength for beams without stirrups (Fig. 16b); the 538 
influence of the amount of stirrups in I-beams (Fig. 16c); and the influence of the slenderness, 539 
a/d, for I-beams with stirrups (Fig. 16d). It is clearly shown that the proposed equations 540 
follow the trends given by the tested beams in all studied situations. It must be highlighted 541 
that the proposed model predicts higher shear strength for 3 out of 4 test series shown in 542 
Figure 16. For the 3 experimental tests by Elzanaty et al. (1986) shown in Figure 16b the 543 
predicted shear strength by EC-2 is unconservatively larger than the strength predicted by the 544 
model proposed in this paper. In fact, these 3 beams collapsed due to strut crushing. The 545 
model proposed uses the same equations than EC-2 for this type of collapse, as previously 546 
commented, but the angle of the concrete struts is fixed in this model. 547 
APPLICATION EXAMPLE 548 
The shear strength of a simply supported post-tensioned I-shaped bridge girder tested by 549 
Oh and Kim (2004) (girder 1) is predicted using the proposed code format simplified 550 
equations. The beam has a total length of 10.6 m, a span length of 10 m, a total height 1.20 m 551 
and is subjected to a concentrated load placed at 3.6 m of the right support and 6.4 m of the 552 
left support. The cross-section dimensions and reinforcement arrangements are shown in Fig. 553 
17. For calculation purposes, the top and bottom flanges have been considered constant in 554 
depth, resulting: bftop=800 mm, hftop=175 mm, bw=180 mm, hw=850 mm, bfbot=600 mm, hfbot= 555 
175mm. The bottom longitudinal reinforcement consists of 16 bars of 19.1 mm diameter (As 556 
=4584.3 mm2, effective depth ds = 1100 mm). No safety coefficients are used since the 557 
objective is to predict the experimental ultimate load (Pu=2303 kN). 558 
The beam is post-tensioned with three tendons of parabolic layout, each composed by 6 559 
  
seven-wire strands, with a nominal diameter of 98.71 mm2 (Ap,tendon = 6x98.71=592.3 mm2), 560 
placed inside a 50 mm diameter sheath, subsequently injected with cement grout. The 561 
equivalent tendon has a steel area Ap,tot=3x592.3=1776.8 mm2 and a parabolic layout with 562 
zero eccentricities at the support axes and a maximum eccentricity of 410 mm at the center 563 
span (see Figure 17), resulting Eq. 40, where s is the distance to the support (in m): 564 
? ? ? ? ? ?20.052 0.188 0.0188 ; ' 0.0376 5e s s s e s s? ? ? ? ?                                               (40) 565 
The tendon is stressed from both ends and the prestressing force after losses, which can 566 
be considered constant along the whole tendon length, is P =1790.8 kN (?cp =1007.9 N/mm2).  567 
The stirrups, of 12.9 mm nominal diameter, are double legged with a loop extending out 568 
of the web of the girder. The stirrups spacing was 200 mm (Asw/st = 1.307 mm2/mm) at the 569 
right hand side and 400mm (Asw/st = 0.653 mm2/mm) at the left hand side. 570 
Concrete was made with 19 mm crushed granite aggregate. The compressive strength 571 
(obtained from 100 x 200 cylinder tests at the time of shear testing) was fcm = 42.8 MPa, the 572 
tensile strength fct = 3.67 MPa and the modulus of elasticity Ec =34000 MPa. Yield strength 573 
and ultimate strengths of longitudinal and stirrup bars were 345 MPa and 540 MPa, 574 
respectively, obtained from tests in the laboratory. Ultimate and yield strengths of prestressing 575 
steel were fpmax = 1860 MPa and fpy =1670 MPa; and Ep = 195000 MPa. 576 
Gross section characteristics: area Ac=0.398 m2, first moment of inertia Sc=0.0903 m3; 577 
second moment of inertia Ic = 0.01046 m4, and the distances from the c.o.g to the most 578 
compressed and tensile fibers are, respectively, yc = 0.555m, yt= - 0.645m. 579 
The distance from the control section to the support axis is: 580 
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?? ? ?? ? ? ? ? ?? ?? ?               (41) 581 
The critical section will be placed in the short span, since the shear force is higher and an 582 
arch effect is not expected because a/d > 2.5. 583 
  
The eccentricity and slope of the equivalent tendon at the control section (scr =1639 584 
mm), obtained from Eq. (40), are e = 0.309m and e’ = 0.126. The effective depth of the 585 
tendon at such section is dp =e+ yc= 864 mm. 586 
Preliminary calculations, using Eqs. (3) and (5): 587 
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Neutral axis depth including the prestressing effects (Eq. 8): 591 
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The shear span of the right hand side is a=3.6 m, and the size effect (Eq. 25) factor 593 
results to be: 594 
1.2 0.2 1.2 0.2 3.6 0.65 0.65a? ?? ? ? ? ? ? ? ?                    (46) 595 
The effective shear width (Eq. 17), taking into account that c>hf, (hf/c=0.276) is: 596 
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Prestressing factor (Eq. 35): 598 
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Angle of inclination of the struts (Eq. 9): 600 
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Shear resisted by the stirrups at the short shear span (Eq. 37): 602 
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The shear resisted by the concrete (Eq. 34), including the confinement of the stirrups, is: 604 
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               (51) 605 
Vertical component of the prestressing force at the control section: 606 
sin 1790816 0.1256 224926pV P N?? ? ? ?                                          (52) 607 
Total shear resisted (Eq. 36), at the critical section, including the prestressing 608 
contribution Vp: 609 
639735 659904 224922 1524561u cu su pV V V V N? ? ? ? ? ? ?                                     (53) 610 
Part of the shear is due to the beam’s self weight Vg. Therefore, the shear caused by the 611 
applied point load which can be resisted (Vu,q) is: 612 
? ?, 1524561 1524561 9.95 5000 1639 14911192u q u g cr
lV V V g s N? ?? ? ? ? ? ? ? ? ?? ?? ?   (54)  613 
and the load which produces such shear is Q = Vuq/0.64=2330 kN, which is 1.1 % higher than 614 
the load resisted by the tested girder 1 (2303 kN). 615 
The maximum shear that can be resisted (the shear producing crushing of the web, Eq. 616 
(31) is: 617 
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Where ?cv =0.6, ?1 =1+?cp/fc’=1.105 and bw=180-0.5·50=155 mm (50 mm diameter 619 
grouted sheath). Therefore, shear-flexure takes place, for a concentrated load of Qu = 2330 kN 620 
  
Oh and Kim (2004) tested a second beam (girder 2) identical to girder 1 except that its 621 
concrete compressive strength was 62.1 MPa in spite of 42.8 MPa. The ultimate load obtained 622 
for girder 2 was 2312 kN, which was practically the same than girder 1 (2302 kN), even 623 
though the compressive strength of girder 2 was almost 50% higher.  624 
Repeating all calculations for girder 2, using the code format equations proposed in this 625 
paper, the following results are obtained: fct =4.60 MPa, ?cp=4.50 MPa, ?cp/fctm=0.978, 626 
scr=1531 mm, d=1031mm, ??=0.0478, cot?=1.83, c/d=0.571, bv,eff=254.4 mm, sin?=0.13, 627 
Vsu=659.9 kN, Vcu=702.0 kN, P sin?=232.3kN, Vu =Vcu+Vsu+P·sin?=1594.2 kN, Vuq=1559.7 628 
kN and Qu=2434kN, that is 5.4% higher than the experimental value and only 4.6% higher 629 
than the ultimate load computed with the model for girder 1. Such a small difference is due to 630 
several reasons:  631 
1) The concrete contribution to shear strength depends on the tensile strength 632 
fct=0.3f’c2/3, rather than on the compressive strength. Thus, increasing the compressive 633 
strength from 42.8 to 62.1 MPa, and provided that f’c must be limited to 60 MPa, results in an 634 
increment of 24.9 % of the tensile strength. 635 
2) If fct increases, the relative compressive stress introduced by prestressing ?cp/fct 636 
decreases, resulting in a reduction of c/d from 0.613 to 0.571 (6.9% smaller).  637 
3) The contribution of the stirrups Vsu is independent of f’c, since the horizontal 638 
projection of the first branch of the critical crack is constant and equal to 0.85ds  639 
4) The vertical concrete stresses due to confinement provided by the stirrups, given 640 
by term 0.5 1 s
w
Vb
b bd
? ??? ?? ?
 in Eq. (34), are comparable to the concrete tensile strength and, 641 
therefore, the influence of f’c on Vcu becomes diluted. 642 
CONCLUSIONS 643 
The following conclusions can be drawn from the model capacities and results: 644 
  
1.  A general model has been developed for the prediction of the shear-flexural 645 
strength of reinforced and prestressed concrete members with and without transverse 646 
reinforcement, with I, T or rectangular cross sections, which explicitly accounts for the most 647 
significant shear transfer actions. The expressions obtained can be particularized for 648 
reinforced concrete members, rectangular sections and sections without transverse 649 
reinforcement in a straightforward manner. 650 
2. After some justified simplifications, simple and direct expressions that include the 651 
most relevant parameters governing the structural behavior, have been derived. The proposed 652 
formulae are valid both for design of the transverse reinforcement and for assessment, without 653 
the need of performing iterations.  654 
3. The prestressing force increases the shear strength of the compressed concrete 655 
chord by increasing the neutral axis depth, the cracking moment and the normal stresses. 656 
These effects have been incorporated into the model. 657 
4. A simple expression to obtain the neutral axis depth in prestressed concrete 658 
sections cracked in bending has been derived, which results very useful for computing the 659 
shear strength of prestressed concrete members. 660 
5. It is assumed by the model that the critical crack initiates at the section where the 661 
bending moment, at failure, equals the cracking moment. Therefore, the critical crack in PC 662 
members is farther from the zero bending moment point than in RC members. 663 
6. The predictions of the present model are in very good agreement with the 664 
experimental results of the four ACI-DAfStb databases consisting of 1285 shear tests on 665 
slender reinforced and prestressed concrete beams with and without stirrups. Summing up, for 666 
the 1285 tested beams, the average of the Vtest/Vpred ratio is 1.04 for the general equations and 667 
1.14 for the simplified equations. For the ACI318-11 provisions the ratio equals 1.44, 1.26 for 668 
EC2 and 1.33 for CSA A23.3-14. The CoV is 18.4% for the general model and 19.3% for the 669 
  
simplified model. For ACI318-04, EC-2 and CSA A23.3-14 the CoV equals 35.4%, 34.5% 670 
and 26.9% respectively. This fact indicates that the proposed model exhibits less scattering 671 
and is more accurate than the provisions of the current codes. Moreover, according to the 672 
studies of tendency made, the model predicts very well the experimentally observed influence 673 
of the different parameters involved. 674 
7. The ultimate capacity of two simply supported post-tensioned I beams tested by 675 
Oh and Kim (2004) has been computed in detail, to show the practical applicability of the 676 
model. The ultimate capacities predicted by the model are very similar to those 677 
experimentally measured (Vpred/Vexp=1.01 and 1.05 for girders 1 and 2, respectively). The 678 
model is capable of capturing the small influence of an increment in the value of f’c on the 679 
shear strength. 680 
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Table 1. Verification of the proposed model for different databases: mean value and Coefficient of 
Variation (%) for Vtest/Vpred ratio. 
Database  
original source Comments 
No. 
beams 
General eqs. 
(Eq. 1) 
Simplified eqs. 
(Eq. 30) ACI318-11 EC-2 CSA A23.3-14 
Mean  CoV Mean  CoV Mean  CoV Mean CoV Mean CoV 
(Reineck et al. 2013) RC beams w/o stirrups 784 1.04 18.9 1.16 18.9 1.42 38.3 1.10 27.9 1.22 22.3 
(Reineck et al. 2014) RC beams with stirrups 170 1.05 17.0 1.12 16.5 1.52 25.8 1.44 29.6 1.29 17.9 
(ACI-DAfStb 617 2015) PC beams w/o stirrups 214 1.02 19.6 1.10 22.6 1.52 35.1 1.56 29.8 1.68 29.8 
(ACI-DAfStb 617 2015) PC beams with stirrups 117 1.05 15.1 1.05 16.1 1.28 20.5 1.54 37.2 1.40 16.2 
All All 1285 1.04 18.4 1.14 19.3 1.44 35.4 1.26 34.5 1.33 26.9 
 
Table 1 Click here to download Table Table 1.doc 
  
 
Table 2. Range of variables in the used databases. 
Database No. beams 
b 
(mm) 
bw 
(mm) 
d 
(mm) – Eq.3 a/d 
fc 
(MPa) 
n?l 
Eq. 6 
?wfyw 
(MPa) 
?cp 
(MPa) 
Vtest 
(kN) 
min max min max min max min max min max min max min max min max min max 
RC beams w/o stirrups 784 50 3005 50 3005 57 3000 2.4 8.1 13 139 0.009 0.36 0 0 0 0 7 1308 
RC beams with stirrups 170 110 1500 64 457 161 1369 2.4 7.1 13 125 0.008 0.28 0.28 24.4 0 0 81 3384 
PC beams w/o stirrups 214 79 700 50 373 109 1025 2.4 7.4 15 105 0.008 0.25 0 0 0.17 14.8 18 721 
PC beams with stirrups 117 150 1450 40 300 162 1363 2.5 6.9 18 102 0.006 0.19 0.23 17.5 0.34 17.3 41 3827 
 
 
 
 
Table 2 Click here to download Table Table 2.doc 
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Fig. 1. Critical crack evolution under shear loading 
Fig. 2. Numerical prediction of shear stresses under shear loading 
Fig. 3. Adopted failure envelope for concrete under a biaxial stress state (Kupfer and Gerstle 1973) 
Fig. 4. Shear-flexural crack patterns at failure in partially prestressed concrete beams (Maurer et al. 2014) 
Fig. 5. Qualitative distribution of shear stresses at imminent shear failure and distribution 
Fig. 6. Interpolation of neutral axis depth between reinforced and fully prestressed concrete 
Fig. 7. Change of crack inclination when entering the flange 
Fig. 8. Position of the shear critical section in the beam 
Fig. 9. Position of the shear critical crack in reinforced and in prestressed concrete members 
Fig. 10. Confinement stresses introduced by the stirrups in the un-cracked concrete zone 
Fig. 11. Contribution of cracked concrete to shear resistance 
Fig. 12. Forces acting on a rigid body part of a beam placed over the critical shear crack 
Fig. 13. Normal and shear stresses and damage in a section of a prestressed beam 
Fig. 14. Crack pattern at failure in a prestressed concrete girder without flexural cracks (Choulli et al. 2008; 
Choulli 2005) 
Fig. 15. Correlation between the predictions and the experimental results as a function of the effective depth, d, 
for the 1285 beams included in the four ACI-DafStb databases 
Fig. 16. Correlation between the predictions and experimental results for PC beams: a) influence of the amount 
of prestressing for rectangular beams w/o stirrups; b) influence of the concrete compression strength for beams 
w/o stirrups failing due to diagonal cracking; c) influence of the amount of stirrups in I-beams; d) Influence of 
the slenderness, a/d, for I-beams with stirrups 
Fig. 17. Prestressed simply supported beam studied: prestressing layout and mid-span cross section 
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